It is known that the powers ᒊ n of the maximal ideal of a local Noetherian ring share certain homological properties for all sufficiently large integers n. For example, the natural homomorphisms R ª Rrᒊ n are Golod, respectively, small, for all large n. We give effective bounds on the smallest integers n for which such properties begin to hold. ᮊ
INTRODUCTION
Let R be a local commutative Noetherian ring with maximal ideal ᒊ and residue field k s Rrᒊ. We study homological properties of the powers ᒊ n which hold for all large values of n. w x One such property is established by Levin 19 ; he proves that the n w x natural homomorphism R ª Rrᒊ is Golod for all large n. Lee 17 defines the Golod invariant of R to be the smallest number s such that R ª Rrᒊ n is Golod for all n G s. The results of this paper are better Ž . stated in terms of a Golod index G R , defined to be one less than the invariant introduced by Lee. In order to study the Golod property, we consider two related homological properties. One is based on the notion of small homomorphism w x introduced by Avramov 3 , and the other arises from Levin's proof of his theorem; we refer to the corresponding sections for precise definitions. We Ž . Ž . define indices A R and L R , in analogy to the Golod index. Results of Avramov and Levin show that these are natural numbers that provide Ž . bounds for G R as
Ž .
Ž . Ž . Ž . Ž . We obtain bounds for A R and L R in terms of numerical invariants Ž . of the associated graded ring gr R with respect to the ᒊ-adic filtration.
ᒊR ecall that the ᒊ-adic completion R has a minimal Cohen presentation 2 
Ž
. R ( Qrᑾ, with Q, ᒋ a regular local ring and ᑾ : ᒋ . We summarize below our results: 
Ž . 3 If R is a hypersurface or a Golod Artinian ring, then
A R s G R s L R s max 1, pol reg R . Ä 4 Ž . Ž . Ž . Ž . Ž . 4 If edim R y dim R F 1, or if edim R F 2, or if edim R s 3 and Ž . Ž . R is a complete intersection, then A R s G R .
Ž .
Ž . Ž . 5 The graded k-algebra gr R is Koszul if and only if L R s 1. ᒊ We study the behavior of the indices under factorization of regular Ž . sequences. Part 2 of the next theorem answers partially a question of w x Roos 28 . Ž . THEOREM 2. For each local Noetherian ring R, ᒊ the following hold: Ž . ring, then we obtain an inequality L M F pol reg M q 1, which gives R Ž . the corresponding inequality of Theorem 1 1 . We obtain an application to i Ž . w x delta invariants ␦ M , defined by Auslander et al. 2 when R is Goren-R w x stein and by Martsinkovsky 24 in general. Ž . THEOREM 3. If M is a finite module o¨er a nonregular local ring R, ᒊ, k , i Ž n . Ž . then ␦ ᒊ M s 0 for all i G 0 and all n ) pol reg M . w x This generalizes a theorem of Yoshino 38 , which shows that if R is i Ž n . Gorenstein, then ␦ ᒊ s 0 for all large n. R In Section 1 we discuss notions of regularity; the definitions involve Castelnuovo᎐Mumford regularity over different graded rings of the associ-Ž . ated graded module gr M . In Section 2 we construct canonical homo- Ž . and we bound it by pol reg M q 1. As consequences, we obtain effective versions of results of Levin and Avramov on Poincare series and resultś similar to those of Roos for the Bass series. Theorem 3 is proved in Ž . Section 4. In Section 5 we define the index A R and use results of w x Avramov 3 to establish the relevant parts of Theorems 1 and 2. In Section Ž . Ž . 6 we discuss the invariant G R and prove Theorem 1 4 . We also prove that if edim R y dim R F 1, then the ring Rrᒊ n is Golod for all integers n G 2. Since the equality edim R y dim R s 0 characterizes regularity, w x this generalizes Golod's classical example 12 . Ž . Ž . Ž . In Section 7 we introduce the index L R by the formula L R s L ᒊ R Ž . and derive the equalities of Theorem 1 3 from results proved earlier in Ž . the paper. We also prove Theorem 1 5 , which extends a characterization w x of graded Koszul algebras noted by Roos 28 . In particular, this shows that
if R is Koszul, that is, reg k s 0, then Ext k, k is finitely generated as R R a graded algebra under Yoneda product. While these two conditions are equivalent for graded algebras, we give an example of a local ring for which they are not.
In Section 8 we prove Theorem 2 2 . In Section 9 we consider graded rings. Adapting our definitions to this case, we prove that if R is a graded
We end the paper with various examples.
REGULARITY OF MODULES
In this paper all rings are commutative Noetherian and all modules are assumed finitely generated.
If
A is a ring and a s a , . . . , a is a sequence of elements of A, 
We denote by A the maximal homogeneous ideal of A and write k for q the residue field ArA modulo the maximal homogeneous ideal of A. G 1 The module N has a minimal graded free resolution
where for each i the module G is isomorphic to a direct sum of copies of
Any two minimal graded free resolutions
are isomorphic as complexes of graded A-modules, so the number of
We note that ␤ N s rank Tor N, k ; these numbers can be calcui, j k i j lated from any free resolution of k or N over A.
w x w x 1. 3 . Assume further that A s A A . We can present A as k u rI, 0 1 w x where k u is a polynomial ring over k with variables u s u , . . . , u in 1 r degree 1 and I is a homogeneous ideal. We define the polynomial regularity of N by the formula pol reg N s reg N .
Ž . Ž .
kw ux
The next lemma shows that the right-hand side does not depend on the choice of the presentation. Ž w x . graded version of a well-known result see 10, 1. 6.13 we have an exact sequence
of Koszul homology. Since¨N s 0, it splits into short exact sequences
Ž w x. The complex K u; P , respectively K u,¨; P¨, is a minimal graded free w x resolution of k over P, respectively P¨; hence we have
Computing ranks from the exact sequences above, we obtain
for all i, j g ‫.ޚ‬ These equalities show that the regularities coincide. We extend next the notion of regularity to local rings. The notation for a Ž . local ring is R, ᒊ, k , where ᒊ is the maximal ideal and k is the residue field.
Ž .

If a graded
Ž
. 1. 6 . For a local ring R, ᒊ, k and an R-module M we denote by Ž . pol reg M s l l l l M y 1. R1 .9. EXAMPLE. Assume that R is a hypersurface; that is, R has â Ž . Ž 
If the complex X is minimal, that is, Ѩ X : ᒊ X, then it has a filtration defined by F p s ᒊ py i X for each i; that is
In this case we set E X s gr X and note that E X is a complex of i w x The content of the proposition is more or less known; see also 16 . Due to lack of a proper reference, we provide a proof, based on the next lemma.
Ä 4 p
For each integer j we denote R j the R-module R, filtered by F s ᒊ py j .
be a local ring and let M be a finite R-mod-
Proof. For an element m g M we denote by m* its initial form in 
The associated graded complex has
0, we get a s i for all i and j; hence the filtration of X Ј is given by i j F p s ᒊ py i X X . The compatibility of this filtration with the differential i i implies that X Ј is a minimal free resolution. Any two minimal free resolutions of M over R are isomorphic, and such an isomorphism Ž . Ž . preserves the filtration described above; hence U s E X Ј ( E X .
H m k ( for each i, the map is bijective, and so is ,
. We defined the homomorphisms : Tor M, k ª Tor gr M , k in
terms of free resolutions of M and respectively gr M . We show next that one can also compute these maps using free resolutions of k. To do so, we take a more general point of view.
Recall that for each z g X we denote z its class in E X . We then
If X and Y are two minimal complexes of R-modules, then an easy
Let M and N be two R-modules. We consider them as complexes Ž . Ž . Ž . Ž . concentrated in degree 0 and note that E M s gr M and E N s gr N .
complexes : E X ª U and : E Y ª V as in 2.2; these morphisms are unique up to homotopy. For each integer i we set
The commutative diagram below defines maps M, N as
We note that M, k coincides with the map defined at the i i beginning of the section. Thus, these maps can be calculated from any horizontal line of the diagram above, with N s k.
INDICES OF MODULES
Each homomorphism of R-modules : M ª N induces homomorphisms of graded vector spaces
Let n be an integer. For each R-module M consider the canonical inclusion
ᒊ is a surjective homomorphism of local rings, then ᒊ n M s ᒋ n M, so the notation Ž n. will be used without reference to a M specific ring. Levin 21 show that L M -ϱ; cf. 3 
We define the Le¨in index of M over R by the formula
L M s inf s G 1 N Tor R # Ž n. , k s 0 for all n G s . Ž . Ä 4 Ž . R M U Ž . Ž R Ž . . The isomorphism of functors Ext ᎐, k ( Hom Tor# ᎐, k , k shows R k that L M s inf s G 1 N Ext U Ž n. , k s 0 for all n G s . Ž . Ä 4 Ž . R RM w x Ž .
Results of
For a finite module M o¨er an arbitrary local ring R there is an inequality
R R
We postpone the proofs for the moment, in order to give an application of Theorem 3. 3 .
The Poincare series of a finite R-module M is the formal power serieś
The Bass series of M is the formal power series
The Hilbert series of M is the formal power series
The following corollary contains effective versions of 6, 4.1.8; 21,
x Ž w x . Theorem 2 see also 6, 6.3.6 ; we also include versions for Bass series. 
The long exact sequence obtained by applying Tor# ᎐, k splits into short
The corresponding equality for the Bass series is obtained
The expression for P t can be deduced using the calculations in 21,
ᒊ M
x w x Theorem 2 or 6, 6.3. 6 . Similar computations apply to the Bass series.
Proof of Theorem 3.2. We choose a minimal free resolution Y of k over Ž . R. By Proposition 2.3 the complex E Y is a minimal free resolution of k over G. For all integers i and n we have we denote these maps by Ž n. and we recall their definition
We set l s L M and r s reg M . To prove the inequality r q 1 G l, R R we show that the map
. is bijective and cls z s 0, it follows that z is a boundary in R We assume next that r q 1 ) l. We want to prove that G 
The assumption that r G l and the definition of l imply
hence zЈ is a boundary of the complex ᒊ M m Y. It follows that zЈ and viewed as a module over R or over Q. In our notation, 3.6 and 3.7 translate as
Note that Q is a Koszul local ring, since gr Q is a polynomial ring over k, and a minimal graded free resolution of k over this ring is given by the 
R k R
We use this definition of delta invariants to extend Yoshino's result to arbitrary local rings, to generalize it to submodules ᒊ n M of any finite i Ž n . R-module, and to obtain bounds for the vanishing of ᒊ M . 
n It induces long exact sequences in cohomology, both for Ext and Ext. Thě U Ž . naturality of y, k implies that for each i there is a commutative 
Recall that Ext k, k is a homomorphism of k-graded algebras, where multiplication on the Exts is given by the Yoneda products. w x Following Avramov 3 , we say that a surjective homomorphism :
For each integer n we consider the canonical homomorphism By 3, 4.1 the homomorphism is small for all large n.
We define the A¨ramo¨index by the formula
We note that if Ž s. is small for some integer s, then Ž n. is small for all n G s. Indeed, if¨: Rrᒊ n ª Rrᒊ s is the induced map, then the functoriality of Tor gives
Thus, the definition of A R can be reformulated in terms similar to those of the other indices:
A R s inf s G 0 N Ž n. is small for all n ) s . 
Ž . Ž .
2 If R is a complete intersection, then equality holds in 1 .
Ž .
Ž . Ä Ž . 4 3 If R is a hypersurface, then A R s max 1, mult R y 1 .
Ž .
Ž . 4 If x is a regular sequence in R and
The proof is based on results about small homomorphisms from 3 .
Ž
.
A DG algebra is a complex ⌳, Ѩ with an unitary associative
Ž . product such that the differential satisfies the Leibnitz rule: Ѩ ab s Ž .
where a denotes the homological degree of a. In addition, we assume DG algebras to be graded commutative; that is,
ba for all a, b g ⌳, and a s 0 when a is odd. We refer to w x 6, 19 for details.
A system of di¨ided powers on a DG algebra ⌳ is an operation that associates to every element a g ⌳ of even positive degree a sequence of w elements a g ⌳ with i s 0, 1, 2, . . . satisfying certain axioms; cf. 14,
x 1.7.1 . A DG ⌫-algebra is a DG algebra with divided powers which are
. compatible with the differential, in the sense that Ѩ a s Ѩ a a for every a g ⌳ of positive even degree and every i G 1. w x w x By Gulliksen 13 and Schoeller 31 there exists a minimal free resolution of k over R which has a structure of a DG ⌫-algebra; it is obtained by Ž w x. Tate's procedure of adjoining divided powers variables cf. 37 . We call it R Ž . a minimal Tate resolution of k over R. Note that Tor# k, k inherits a structure of a DG ⌫-algebra.
Let ⌳ be a DG ⌫-algebra and denote by ⌳ the ideal of elements of ) 0 positive degree. The module of ⌫-indecomposables of ⌳ is the quotient of ⌳ by the submodule generated by all elements of the form u¨with ) 0 Ž n. Ž . u,¨g ⌳ and w with w g ⌳ , n G 2. We denote # R the module
The next result is our main tool in the study of small homomorphisms.
Žw
x. 
Ž .
Ž . We proceed to describe the maps and . The behavior of smallness under factorization of a regular sequence is w x w described by the following result of Tate 37, Theorem 4 and Scheja 32,
x w x Satz 1 , in the form given by Gulliksen 14 
5.8, so the commutativity of the diagram implies that
is injective.
Ž . Since ᒀ : ᒊ , the map is bijective by 5.7 . Thus, # is injective; 1 hence is small by 5. 6 .
Proof of Proposition 5.4. By 5.2 we can consider a minimal Cohen Ž . presentation R s Qrᑾ. Also, the hypothesis ᒊ / 0 implies that A R G 1.
Ž .
1 By 5.7 we have : ᒋ ᑾ does not depend on the minimal Cohen presentation R s Qrᑾ Ž . and is an invariant of the ring R; we denote it by s R .
Ž . 5.11. Remark. If n ) A R , then Proposition 5.4 1 implies that ᑾ l ᒋ nq 1 : ᒋ ᑾ; that is, any minimal system of generators of ᑾ is part of a Ž n . minimal system of generators of ᑾ, ᒋ .
GOLOD RINGS AND GOLOD HOMOMORPHISMS
A surjective homomorphism : R ª S is called Golod if P R t Ž . k S P t s .
Ž .
k R 1 y t P t y 1 Ž .
S w x Ž n. Levin 19, 3.15 proves that is Golod for all large n. 6 .1. We define the Golod index of R by the formula Golod. Thus, G R s G R and we may assumê whenever necessary that R is complete.
Ž . Next we show that in some cases the indices A R and G R are equal.
Ž . 6.5. THEOREM. An equality A R s G R holds if one of the following conditions is satisfied:
1 R is Golod and Artinian. In this case both indices are equal to Ž . pol reg R .
3 edim R s 2.
Ž . 4 edim R s 3 and R is a complete intersection.
The proof of Theorem 6.5 requires some preparation. One of the ideas involved is to connect Golod rings to Golod homomorphisms. To do this Ž . we use their cohomological characterizations. As in Section 5, # R denotes the module of indecomposables of Tor. Its vector space dual Ž . Ž Ž . . * R s Hom # R , k is a graded Lie algebra, called the homotopy k w
x Lie algebra of R; we refer to 4, Sect. 10 for details. 6 
The map * is surjective by 5.6 , and is bijective by 5.7. Ž . 1 Denoting by L the kernel of * , we have L s 0. If S is Golod, then G 2 Ž .
S is a free Lie algebra; cf. 6. 6 . Subalgebras of free Lie algebras are G 2 w x free by 18, A.1.10 ; hence L s L is free and is Golod by 6. 6 .
We recall two facts on Koszul complexes, using the notation of 3. 5 .
Žw
x.
R 2 6.8 20, 1. 6 . If there is an R-submodule V of ᒊ K with V s 0 and such that
G 1 then the ring R is Golod.
x . Ž . 6.9 35, Sect. 2, Lemma 1 . If Q, ᒋ, k is a regular local ring and p is a positive integer, then
Ž .
G 1
In view of Proposition 6.7, we plan to prove most of Theorem 6.5 by showing that, under the given assumption, the ring Rrᒊ n is Golod for all 
Q
If y is a cycle in K of degree j G 1 and y is its preimage in K, then Ѩ y s a q xb with a g ᒋ n K and b g ᑿ K .
Ž . 
Indeed, if the ideal ᑿ is not contained in ᒊ, then s G 2 and hence t g ᒊ. The product of any ny 1 two cycles of the form tb q¨, with b g ᑿ and¨g ᒊ K is equal to zero; hence the ring R is Golod by 6. 8 .
w x
To continue, we need two more results of Avramov et al. 8 .
Žw
x. 6.11 8, 6.1 . Let S be a homomorphic image of a regular local ring Ž . Q. If pd S F 3, then there is a Golod homomorphism from a complete Q Ž . intersection of codimension less than 2 onto S.
x . Ž . 6.12 8, 5.13 . Let R, ᒊ, k be a local ring, let ᒀ be an ideal 2 contained in ᒊ , and set R s Rrᒀ. If the natural homomorphism R ª R is Golod and x s x , . . . , x is a regular sequence that can be extended to 1 r Ž . a minimal generating set for ᒀ, then the induced homomorphism Rr x ª R is Golod.
Ž .
Proof of Theorem 6.5. Let n be an integer such that n ) A R ; that is, Ž n.
the map is small. We may assume that A R ) 0; hence n G 2 Ž . otherwise, R is a field and both indices are zero . We have to prove that Ž n. is Golod.
1 A sequence x s x , . . . , x of elements in R is called strictly regular if 1 m the initial forms x U , . . . , x U form a regular sequence. It is known and easy 1 m to see that a strictly regular sequence is an R-sequence.
We give next a partial answer to Roos's question. Thus Ѩ y g ᒊ X and y s Ѩ a q b q xc q Tg with b g ᒊ n X and a, c, g g X .
